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Abstract—Exact equations characterizing a waveguide hybrid

junction traversed hy a dielectric sheet are formulated hy waveguide

field-equivalence decomposition. A new reduced-rank spectral ex-

pansion technique avoids inversion of a large ill-conditioned matrix in
the calculation of the scattering matrix. Arbitrary sheet thicknesses

and permittivities are treated, accounting fully for waveguide boun-
daries and offset. For illustrative pnrposes, numerical results are
presented for a rectangular wavegnide hyhrid, when only the domin-
ant mode propagates.

I. INTRODUCTION

T HE INTEGRAL EQUATIONS, and the correspond-

ing matrix equations, that represent scattering at a

waveguide discontinuity often exhibit ill-conditioned be-

havior. In a previous paper [1] it was shown that the result-

ant difficulties can be largely overcome by taking advantage

of the relatively low effective rank of the ill-conditioned por-

tion of the matrix. In the following sections the new rank-

reduction technique is applied to the waveguide hybrid

junction problem. The hybrid junction, an important com-

ponent of certain advanced microwave communication
systems [2], [3] has resisted accurate analysis.

The hybrid junction to be analyzed is shown in Fig. 1. It

consists of two crossed waveguides whose junction is

traversed by a dielectric sheet at a 45° angle. By properly

choosing the dielectric constant and sheet thickness, a

directional coupler can be formed for a given frequency

band. This Goupler is used in band diplcxing networks [4],

[5]. An accurate analysis of the hybrid is important in the

design of the band diplexer to achieve satisfactory frequency

band separation and to identify spurious modes that may

degrade system performance.

This paper will serve several purposes. It will illustrate the

use of field superposition principles to decompose the
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Fig, 1. Top view of a hybrid junction formed by two crossed waveguides
of width a whose junction is traversed at a 45° angle by a dielectric sheet
of thickness tand relative dielectric constant a

complicated geometry of a hybrid junction into a combina-

tion of separate, uniform waveguides. It will discuss

the application of this technique to derive an exact set of

equations for the scattering matrix of the junction. It will
further illustrate that, for those frequency intervals in which

higher order modes affect the scattering significantly, their

effect can be calculated despite the ill-conditioning of the

equations, by use of a new rank-reduction technique.

Finally, it will present the scattering coefficients for the

hybrid, in a frequency range in which quasi-optical approxi-

mations are not valid.

The analysis presented here is not restricted by the

waveguide geometry, and permits the computation of higher

order mode coupling. For purposes of illustration of the new

technique, numerical results are presented for a rectangular

waveguide hybrid over a frequency range in which only the
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dominant mode may propagate. The general analysis should

be applicable to the multimode circular waveguide

geometry of [3] and [4].

Almost all previous investigations of the hybrid junc- S2=’3+ “b

tion have been made by quasi-optical approximations. It

is commonly assumed that the waveguide is operated

far enough above cutoff to allow the main mode and all

spurious modes to be considered plane waves propagating

.:*+%,

in free space and obliquely incident upon the dielectric sheet

[4], [6]. For such analyses to be practical, the sheet must be Fig. 2. Equivalence-theorem decomposition into two waveguldes. each

thin, to make the misaligned waveguide offset negligible. having a null-field region (0). The null-field media are then altered to

Even for a thin sheet, such solutions neglect the effects of the
yield two simple waveguide structures.

waveguide walls. Wardrop [7] impro~es upon the quasi-

optical analysis by decomposing the incident mode into an

angular spectrum of plane waves. Each of these plane waves

is then considered to be in free space and is traced through to

the other port apertures. At these output ports the plane

waves are superimposed to yield the aperture field distribu-

tion and then the scattered mode levels. As applied, this

method also largely ignores the waveguide boundaries.

Unrau [8] approaches the problem by a mode-matching

technique, using relatively complicated superpositions of

modes in the field expansions. While the equations derived

are exact, their solution requires the inversion of large

ill-conditioned matrices. The analysis below is not restricted

as to sheet thickness, dielectric constant, or frequency,

accounts properly for the boundaries, and avoids ill-

conditioned matrices.

To epitomize what follows, the solution of the hybrid

junction is reduced to that of four simpler one-port networks

by use of the symmetry properties of the hybrid. Each

one-port structure is then made equivalent to two uniform

waveguides with equivalent electric and magnetic current

sheets. These structures are easier to analyze than the

one-port structure from which they are derived. Integral

equations for the current sheets are derived using the

null-field condition in the two simpler waveguide structures.

By writing series expansions for the current sheets,

the integral equations are reduced to a system of linear

algebraic equations for the current expansion coefficients.

The equations are asymptotically ill-conditioned, yielding a

TABLE I
TYPES OF EQUIVALENT BOUNDARY SURFACES FOR

COMBINATIONS OF SYMMETRICAL EXCITATIONS

SIGN OF EXCIT-4T10N BOUNDARY SURFACE

PORT 1 2 3 4 s, %

+- +- E E

+ + E M

+ + + + M M

+ + M E

E = electric wall, M . Rlagnetlc wall

Table I gives the four required sets of excitations and the

resulting type of symmetry-plane surface for each. The

original four-port structure is thereby reduced to four

uncoupled one-port structures. These are all identical and

only the single one-port structure shown at the left in -Fig. 2

needs to be analyzed. By using equivalent current sheets at

the discontinuity surface S., the one-port is made equivalent

to the superposition of two waveguides, each excited by a

current sheet and exhibiting a null-field region on one side of

the current sheet surface [9]. The medium in each null-field

region is thereby made free to be altered without changing

the fields elsewhere, allowing reduction to two uniform

waveguide structures excited by current sheets. The equiva-

lent current distributions are to be found, by requiring them

to produce the assumed null fields.

large-order ill-conditioned matrix in the analysis. The inver-

sion of this matrix is avoided by spectral decomposition and III. ANALYSIS OF EQUIVALENT ONE-PORT STRUCTURE

rank reduction, leading inst~ad to inversion of a well- The two simple waveguide structures obtained by the

conditioned low-order matrix. This technique averts spuri- decompositions shown in Fig. 2 are almost in the form of the

ous resonances that arise from severe truncation of the two simple waveguide problems analyzed in the previous

matrix. The scattered fields are then readily determined from paper [1]. A nearly identical treatment applies, so that only

the approximate inversion. the salient features are repeated here, with the differences

II. EQUIVALENT l?ROBLEMS

The determination of the s~attering matrix “{educes

readily to the problem of a single mode incident only from

port 1 of the hybrid junction. The fields scattered into all
four ports are to be determined. By exciting all the ports with

waves that preserve the symmetry of the structure with

respect to planes S ~,Sz, the original structure can be made

equivalent to the superposition of four 4-port structures in

which S ~ and Sz are equivalent to electric or magnetic walls.

noted below.

The Lorentz Reciprocity Theorem is used to express the

amplitude of each mode radiated by the combination of the

incident. mode and the as yet unknown equivalent current
sheets. If the currents were known this would yield

the scattered mode amplitudes. The currents can be

determined by setting the coefficients of each mode equal to

zero at surfaces Sa and Sb, which suffices to annihilate the

fields throughout the null-field regions. This results in

integral equations for the unknown electric and magnetic
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currents J and ill. A set of linear algebraic equations is then

obtained by substituting a suitable series expansion for each

current in the integral equations. This exact system of

equations for the unknown current coefficient vector c in

terms of the known incident modal amplitude vectors can

be written in matrix form as

Gc = S. (1)

The infinite-order matrix G can be partitioned as

(2)

where the submatrix elements are

GIJn,n) = –(l/PIJ \ EL . J. dS (3)
s.

Glh(~,n) = (l/PIJ ~ HG “ ~. dS (4)
s.

[
G,=(rn,n) = (1/P,J { E:m . J. dS

s.

[
G,h(m,n) = – (1/P2J ~ H;~ “ M. dS

Sa

1+Rm~ H&. M.dS.
s.

(6)

The integrals involve scalar products of normal modes of the

uniform waveguide regions 1 and 2, shown in Fig. 2, with the

known current expansion functions, evaluated on the sur-
face S.. P ~~and P2mare known modal normalization factors

for the two waveguides, and Rm is just the reflection

coefficient of the rnth mode when incident upon the dielectric

region terminated by either the electric wall or the magnetic

wall at S2.

To illustrate the approach used in solving (1) for the

current c, assume a rectangular waveguide geometry for the

hybrid junction of Fig. 1. Also assume that only TE~O modes

are incident. Then since the structure has no y variation,

only TE.O modes will be scattered. The electric field is along

j, and, therefore, &f, which is confined to the discontinuity

surface, is along -i ~. The magnetic field is in the plane

orthogonal to}, and, therefore, J, which also exists only on
the discontinuity surface, is along~. The amplitude distribu-

tions of these currents are expressed as infinite series expan-

sions. The convergence of the algebraic equations will be

dependent upon the choice of expansion functions. Since J

and M are related to the discontinuities in the tangential

field component, it seems reasonable to choose the normal

modes of waveguide region 2 as the current expansion

functions. The elements of G can then be evaluated. The

direct inversion of G is not practical, even when truncated,

because it is ill-conditioned [1]. However, a low-rank spec-

tral decomposition of G can be made to avoid inversion of a

large-order matrix.

As in the previous paper [1], partition the matrix equation

so as to rewrite Gc = s as

(7)

The square matrix A is what G is truncated to if only the first

few terms in the expansions for J and k? are kept and only

the first few modes of waveguides 1 and 2 are required to

satisfy the null-field condition at planes S=and s~. The vector

of the current expansion coefficients c is partitioned into p,

containing the first few coefficients, and q, for the higher

order ones. The known incident modal amplitude vectors is

partitioned as r and the null vector since, for a single incident

mode, s and r have only one nonzero element. For more

general excitations, s may be partitioned into two nonzero

parts and the solution readily extended to include the

additional source.

If G is severely truncated to merely xl, a crude solution p’

for the first few unknown current expansion coefficients p is

obtained as

p’=~-l~. (8)

If G were not truncated, the exact solution for all the

unknown current expansion coefficients p,q would be

obtainable from the correction to (8) given by

p = (A - BD-’C)-% (9)

q= –D-lcp. (lo)

These, however, entail the direct inversion of the ill-

conditioned matrix D, an impractical procedure. However,

if, as is often at least approximately the case, the rank K of

matrix D is effectively small, a useful alternate expression for

D may be written as

D =fg (11)

where f and g are formed, for a diagonalizable matrix, from

the K dominant right and left eigenvectors of D, or else from

its singular-value decomposition, retaining only the K dom-

inant singular values [10]. Matrices f and g are N x K and

K x N, respectively, when D is, for practical purposes,

truncated to a large but finite size N x N, with N usually

much larger than K. Then an approximate solution for the

current coefficients, more accurate than (8) in that it does

not ignore the effects of higher order modes and expansion

functions, is given by

p = (A – BD-C)-lr (12)

q & –D-cp. (13)

Here, D- is the group inverse of D, given by D- = f (gf - 2g.

The utility of the method stems from the fact that the largest

matrix to be inverted is ~, which is only K x K and not

ill-conditioned. If, as in [1], the equation Cp + Dq = O is

premultiplied by the Hermitian conjugate D’ of D and the

same process is applied, then the group inverse of D+ D

yields the minimum-norm least squares solution for q in

terms of p [10]. The accuracy of this approach will be

discussed after some results are presented.
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Fig.3. Transmission coefficient from port 1 to port 3 for the empty
~unction. The solid line is for the severely truncat~d matrix method, ~he

broken line shows the effect of higher order terms using rank reduction,
and the dashed line is the exact result given by Bouwkamp [11].

IV. NUMERICAL RESULTS

The technique described in the preceding sections was

used to obtain the scattered fields for the rectangular

waveguide hybrid junction of Fig. 1. A TE, o mode is

assumed to be incident from port 1. Results are presented

here for dominant mode operation, although the analysis is

not restricted to this frequency range. While higher order

modes do not propagate in this frequency range, coupling to

these modes is included in the equations and could readily

be computed when there is multimode operation. Three

cases are presented: a zero-thickness sheet with unity as the

relative dielectric constant (i.e., no dielectric at all and no

offset in waveguide alignment); a one-quarter guide-wave-

length thick sheet at the design frequency~/~C =: 1.5, with a

relative dielectric constant of five; and a half guide-wave-

length thick sheet at~/J = 1.5, also with a relative dielectric

constant of five. The frequency normalization is carried out

with respect to the TEIO cutoff frequency~C in the rectangu-

lar guide of width a.

The effects of the higher order modes in the hybrid were

found to vary with frequency. Over some frequency ranges

the corrections introduced by use of the group inverse of D

were negligible, but, near certain frequencies, resonance-like

peaks that could not be ascribed to any physical or geome-

trical causes appeared when the corrections were ignored. At

such frequencies, the truncated matrix A itself exhibited

singular behavior. The resulting difficulties were readily

overcome, however, by applying the rank-reduction

technique directly to this matrix, completely eliminating the

spurious resonances.

The empty junction case, without offset, has already been

solved exactly by Bouwkamp [11]. Fig. 3, which shows the
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Fig. 4. Scattering coefficients for an empty junction (zero-thickness sheet
with a relative dielectric constant of one).
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Fig. 5. Scattering coefficients . for a sheet a quarter-wave thick at

f/~ = 1.5 with relative dielectric constant c = 5.

transmission coefficient from port 1 to port 3, is illustrative

of the agreement (to within a fraction of a decibel) with

Bouwkamp, achievable with only two terms used in the

expansion for the electric and magnetic current sheets.

The severely truncated matrix A is then only 4 x 4.

The figure also shows the small effect of the higher order

terms upon the severely truncated solution. In this case,

D+ D was taken to be 8 x 8 and was approximately of rank
two. Similar results are obtained for the mattering into

the other three ports.

The scattered fields are presented in Figs. 4-6 for the cases

of zero thickness, quarter-wave thickness, and half-wave

thickness. The truncated equations, with A only 4 x 4,

proved adequate for most frequencies but corrections for
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Fig. 6. Scattering coefficients for a half-wave-thick sheet (at ~/~C = 1.5)
with relative dielectric constant e = 5.

higher order terms were needed near certain spurious

resonant frequencies. Rank reduction provided thecorrec-

tions in those intervals. While thezero-thickness case has

been solved exactly before [11], the finite-thickness cases

have not.

It is instructive to compare the thick-sheet results of Figs.

5 and 6 with what might be predicted using the quasi-optical

approximation that replaces the TEI o mode with a plane

wave incident at a 45° angle upon an infinite dielectric sheet

in free space, with no boundaries. This approximation is

inappropriate and not intended for the dominant mode

regime, but there are no better solutions available for

comparison. Relying on the unbounded plane wave model

suggests that the signals scattered into ports 2 and 3 should

be 2.0 and 4.4 dB down, respectively, from the incident signal

and that no signal should appear in ports 1 and 4, near

~/~ = 1.55. From Fig. 5, the signals at ports 2 and 3 are,

respectively, 3.0 and 4.8 dB down at this frequency. There is

also some energy scattered into ports 1 and 4. For the half

guide-wavelength case, the total transmission from port 1 to

port 3 is predicted quasi-optically at~/~C = 1.55. From Fig. 6

it is seen that the transmission peak is at the higher

frequency f/fC = 1.7. While very little energy is then
reflected into port 2, there is some loss of signal into ports 1

and 4 at this frequency.

The accuracy or reliability of the solution process is not

predictable in general but is subject to certain numerical

checks. Besides monitoring how well power conservation

and reciprocity are satisfied, the convergence of the results

with increasing values of the reduced rank K and with an

increasing order of the truncated matrix A can be and has

been verified. The examples cited were also compared with

the solutions obtainable by direct inversion of large-order

versions of the G matrix. Typically, a rank-reduced 4 x 4

inversion agreed with the direct inversion of a 12 x 12

matrix to within a few percent. It should be noted that, in

accordance with the variational principle that governs the

scattering calculations [12], the results for the reflection and

transmission coefficients are more accurate than those for

the equivalent current sources.

Formally, the errors in the approximations for p and q

involve the matrix (1 – DD - )C as a factor. While the norm

of this expression need not be small for arbitrary systems of

linear equations, the resultant errors in the current can be

expected to be small for waveguide junction problems. This

behavior can be traced to that of the integrals that form the

elements of the G matrix. The D matrix is the asymptotic

form, for large row and column numbers, of the G matrix

and B and C are similarly asymptotic to D for large column

and row numbers, respectively. Consequently, the spaces

spanned by the reduced-rank D matrix and by B or C are not

expected to differ much asymptotically, so that the error,

which represents the mismatch in these spaces, becomes

small in such problems.

V. CONCLUSIONS

Scattering by a waveguide hybrid junction can be

analyzed accurately by using waveguide field equivalence

theorems to derive null-field equations for equivalent cur-

rent sheets, from which the scattered fields can readily be

computed. The resulting exact equations for the hybrid

junction are of infinite order and asymptotically ill-

conditioned and thus difficult or impractical to solve by

ordinary techniques. However, the inversion of a large-order

ill-conditioned matrix is avoided by using the rank-

reduction technique [1], which permits a useful solution to

the large set of ill-conditioned equations by direct inversion

of only a low-order well-conditioned matrix. Spurious re-

sonances, caused by a nearly singular truncated matrix, were

eliminated by this technique. Numerical results have been

presented for the rectangular waveguide hybrid junction in

the dominant mode regime. The zero-thickness case was

found to be in close agreement with previously published

exact results [11]. Two other cases, those of quarter-wave-

and half-wave-thick sheets with relative dielectric constants

of five, were also analyzed. While the computations pre-

sented here were for a rectangular waveguide geometry in

the dominant mode frequency regime, these are not limita-

tions of the analysis. By using modes and current expansion

functions appropriate for a circular waveguide operated in

the multimode regime, numerical results would be obtain-
able for the hybrids of [3] and [4]. The hybrid junction

considered here has a single layer, but the analysis is easily

extended to the multilayer hybrid, merely by using the

properly defined reflection coefficient in (5) and (6). The

approach is not restricted as to sheet thickness, dielectric

constant, or frequency and does not neglect the waveguide

boundaries or the waveguide offset at opposite ports when

the dielectric sheet is thick.

ACKNOWLEDGMENT

The authors thank A. A. Saleh for his useful comments,

and E. T. Harkless for his support.



IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQLJES, VOL. MTT.2.S, NO, !), SEPTEMBER 1977 773

REFERENCES

[1] D. N. Zuckerman and P. Diament, “Rank reduction of ill-
conditioned matrices in waveguide junction problems,” to be
published.

[2] T. A. Abele et al., “A high-capacity digital communication system
using TEO1 transmission in circular waveguide,” IEEE Trans.

Microwave Theory Tech., vol. MTT-23, pp.326-333, Apr. 1975.
[3] E. A. Marcatili and D. L. Bisbee, ``Band-splitting filter~Bell Syst.

Tech. J., vol. 40, pp. 197-212,1961.
[4] S. Iiguchi, “Michelson interferometer type hybrid forcircular TEOl

wave and its application to band-splitting filter,” Reu. E/cc. Comrn.

hzb., vol. 10, pp. 631-642,1962.
[5] U. Unrau, “Band-splitting filters in oversized rectangular wave-

guide~Electron. Lett., vol. 9,pp.30-31, Jan. 25, 1973.
[6] J.J. Tauband J. Cohen, ’’Quasi-optical waveguide filters formil-

hmeter and submillimeter wavelengths,” Proc. IEEE, vol. 54, pp.
647-656, i966.

[7] B. Wardrop, “A quasi-optical directional coupler; Marconi Reu.,
second quarter, pp. 159-169, 1972.

[8] U. Unrau, “Exact analysis of directional couplers and dielectric

coated mirrors in overmoded waveguide,” presented at the European

Microwave Conf., Brussels, Belgium, 1973 (paper B4.3).

[9] S. A. Schelkunoff, ``Some equivalence theorems ofelectromagnetics

and their application toradiation problems,’’ llell~yst. Tech. J., vol.
15, pp. 92-112, 1936.

[10] A. Ben-Israel and T. N. E. Greville, Generalized Inverses: Theory and
Applications. New York: Wiley, 1974.

[11] C. J. Bouwkamp, “Scattering characteristics of a cross-junction of
oversized waveguides,’’ Philips Tech. Reu., vol. 32, pp. 165-178,1971.

[12] M. Becker, The Principles and Applications of Variational Methods.
Cambridge, MA: M.I.T. Press, 1964.

Propagation Losses of Guided Modes in an
Optical Graded-Index Slab Waveguide

with Metal Cladding
MASAMITSU MASUDA, AKIH.ITO TANJI, YASUHIRO ANDO, AND JIRO KOYAMA

Abstract—Analytical results for propagation Iosma of guided
modes in a graded-index slab waveguide (GISW) with metal cladding

are presented. When the permittivity in the guiding layer decreases
linearly away from the metal surface, the attenuation constant a~ of
well-guided modes, TE and TM, is approximately proportional to
only the ratio (A&i/eO)/di, where A&i is the incremernlt in the per-

mittivity at the metal surface in the direction of the polarization of

optical waves, di is the diffusion depth in this direction,, and &o is the
permittivity of free space.

1, INTRODUCTION

E LECTROOPTIC crystal, such as LiNbO ~ or LiTaO ~,

is very promising for use as the substrate of an in-

tegrated optical circuit. Recently, several experiments have

been reported on the techniques for fabricating optical

guides in these crystals, which consist of diffusing suitable

metal ions into the substrate [1], [2] and out-diffusing LizO

from the surface [3]. These methods yield a graded-index

slab waveguide (GISW) instead of a step-index slab wave-

guide (SISW) in which the guiding layer has, the space-

invariant permittivity. Analyses of guided modes in the
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GISW have been made for the exponential [4] and linear

[5] profiles of the permittivity. To interact the guided modes

with low-frequency electromagnetic fields, metal electrodes

with planar structures are generally needed. The GISW

should become 10SSYdue to the metal cladding on the sur-

face. The effects of metal cladding have been examined for

the SISW in homogeneous media in order to form a mode

filter and an optical strip line [6]-[8]. On the other hand,

the guiding properties of a metal-clad GISW, especially

propagation losses of guided modes, have not been eluci-

dated.
In this paper, propagation losses of guided modes in the

GISW with metal cladding are analyzed under the assump-

tion that the permittivity in the guiding layer decreases

linearly away from the metal surface, taking the anisotropy

of the electrooptic crystal into account. The effective

thickness of the guiding layer is derived approximately. The

attenuation constant u~ of guided modes in a metal-clad

GISW is estimated in comparison with the attenuation

constant as of guided modes in a metal-clad SISW.

Numerical solutions of the dispersion equation are given

for both TE and TM modes in c-plate LiNb03.

II. ANALYSIS

A. Derivation of the Dispersion Equation

In our analysis, we assume that the optical wave varies as

exp j(o.)t – k=z) and that all quantities are independent of x,


